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 6. STOCHASTIC MODELS. 
 
 6.1 Why to use of random variables.       
   
In a deterministic mathematical model of a system (see 4.1) the properties of the subsystems 
and the relations among them were represented by variables, and the subsystems were 
represented by functions, (maybe several functions for one subsystem) of many variables. In 
the functions, the value of each output variable is univocally determined by the values of 
the input variables. This situation is achieved, as was discussed in 1.2.3, by determining all 
the necessary inputs to the subsystems and by pursuing the decomposition of the system in 
simpler and simpler subsystems until each subsystem can be described by a function.  In 
this case it is possible to build a deterministic mathematical model of the system.   
In many cases, after collecting all possible information about the system, and doing all 
the possible decompositions, it is not possible to reduce it to a deterministic model. That is 
to say, for some subsystems to the same values of the inputs may correspond different 
values of the outputs. The words “not possible”, mean that it is really impossible, or is 
very costly, or is not convenient for some reason. (see below). One solution, to maintain the 
goal of building a mathematical model, is to simplify the representation of the system, 
eliminating relations among subsystems and even whole subsystems or simplifying the 
representation considering constant certain variables. The model becomes less realistic and 
sometimes of not use at all. Unfortunately many elegant and famous mathematical models 
have this problem.  Other solution is to consider the variables as random variables for 
which the characterization is not a value, but a probability distribution function of its 
possible values. The subsystems are represented by analytical  processes or algorithms 
that compute the distribution of the output variables  when the distributions of the inputs 
variables are known. 
 
Example.  In the reparation section of an enterprise, items to be repair come at irregular 
intervals, but at the known rate of one item each 35 minutes. The time to do the reparation is 
also irregular but, as an average, it takes 29 minutes. It is practically impossible to model all 
the factors that cause an item to fail at a certain time and all the subtleties that cause each 
real duration of the repair. So a complete deterministic model is out of question. In a simple 
model it is assume that those averages are fixed values: an item comes exactly each 35 
minutes and is repaired in 29. According to this model there are not items waiting to be 
repair and the repairers have an idle time of 6 each 29 minutes. A simple observation of the 
system show that there are queues (sometimes larger ones), and irregular periods of small 
and large idle times. See exercise 1. 
A better model would consider as inputs of the model, the distribution of inter-arrival 
times of items and of the reparation times (instead of the simple means) and the initial 
distribution of the queue. The variables are now considered random variables. The model 
must now have a procedure to compute, from these inputs, the distribution of the queue 



 68

lengths, the waiting times in them and the idle intervals. These models, that use random 
variables, are called stochastic models. 
 
Before discussing the methods of building and using stochastic models it is convenient to 
discuss some of the causes that impede the building of deterministic models of a system. 
 
 a) The values of the variables or the parameters of the expressions or algorithms used to 
compute the future values are not exactly known, due to observation or experimental 
errors. 
 
Example. In a mineral deposit it is estimated that there are 2000000 to 3500000 tons of 
mineral (initial values of the variable), and the possible extraction is between 400 and 500 
tons each day (parameter of the extraction system). It is want to know how much mineral 
would remain after 10 years (of 290 working days). The safe procedure is to compute the 
extreme values: 

550000102905002000000

2340000102904003500000

min

max

=××−=
=××−=

r

r
 

It is seen that the indetermination is very large. It can be argued that the estimation is not 
realistic, because it assumes that in the case of the maximum the lesser exploitation will 
occur, and in the minimum the higher, all the days of the year. This estimation can be 
improved with little more information as it is explained below.   
 
b) The system is complex, probably many state variables have not been considered or, 
even if they are, their values and the influence in the results are not well known. The 
omission of variables, is seen, in the state space, as a trajectory that cuts itself (to one state 
different states may follow). That happens because the observed trajectory of the real 
system, is the projection of the true states (as would be computed with all the required state 
variables) on the subspace of the known variables. 
 
Example.  In a model to predict the inflation (output variable) the following input variables 
are taken into account: a) the part of fiscal deficit that is covered by issuing new money, b) 
the devaluation of the national money, that increases the prices of the imported intermediate 
goods for production, c) the tendency of workers to  maintain the real income asking for 
raisings in salaries, and d) the tendency of the entrepreneurs to maintain its profits in spite 
of the raising costs.  
However if the model do not consider the tendency of many people to buy durable goods 
because they expect devaluation of the money, the prediction of the model may be wrong. 
Even if the other variables are well known and its influence on inflation correctly estimated, 
the omitted variable may have a strong influence on inflation, and even in cases in which 
the others variables are equal, the inflation may be different.                                                
                                                                                                                                    
 c) There is not a deterministic theory that allows the prediction of the future states even 
with a complete knowledge of the actual state. There are at least two examples. 
 
Example.  In the actual theory of elementary particles (quantum theory) there are no 
theoretical possibility to predict exactly the individual behavior of the particles. If a photon 
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passes through a hole in an opaque screen and then other screen stops it, then the theory 
cannot predict the exact point of collision. Only the probability of collision on each point of 
the second screen can be calculated. That is to say, the theory only allows computing the 
probability distribution of the collisions on the screen. If many photons pass, then the 
empirical distribution of their collisions adjusts to the theoretical predictions, showing that 
the theory is correct.  
 
Example. The human behavior shows certain regularities that are observed by the 
behavioral sciences. See Berelson and Steiner (1964). Nevertheless, the human behavior is 
not predictable and an interior feeling says us that some decisions we make might have been 
different. A process that appears to be neither deterministic nor random selected them 
among other possible decisions. This is the assumption when we judge the human activity 
with the principle of the moral responsibility. If this feeling is or not justified, and if in the 
nature true random facts happen or this is only the expression of our ignorance, is a debated 
philosophical question. See Domingo 1998. 
  
6.2. Stochastic Models. 
As it was said, in many cases, although the values of the variables and parameters to obtain 
a result are not known, it is possible to know their probability distributions. And this allows 
knowing the distribution of probability of the results using results of the probability theory. 
The models that use this procedure are called stochastic models. Two problems may arise: 
How to assign probabilities to the data, and how to drawn conclusions from the model. 
 
6.2.1 How to assign probabilities.  
Probabilities can be assigned by three methods: 
 
a) A priori method (called subjective probability). In many cases it is known a set of 
simple results that describes the elementary outcomes of the random experiment and they 
are assumed equally likely because no reason are seen to suppose any difference. If the 
outcomes can be counted and an event is said to happen when one out of a number eN  of 

the total tN  possible outcomes occurs, then the probability of the event is said to be: 

 te NNP /= .                                   (1) 

  
Example. If a dice is thrown, the probability of the event “even result” is 6/3)( =evenP . 
 
If the sets of the event eS and the total ( tS ) are infinite and if in them a measure can be 

defined then the probability is the relation of the measures: )(/)( te SmSmP = . 

Not all sets admit a measure (see Gelbaum and Olmsted 1964), so that, when the measure 
theory of probability is considered (Kolmogorof, 1935)  the sets are restricted to a 
measurable class. 
 
Example. An instantaneous event will happen, with certainty, in the interval of an hour 
with uniform probability (two equal sub-intervals of time within the hour have the same 
possibility that the event happen in each of them). The probability that the event happened 
in the last 30 seconds is 30/3600. 
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b) A posteriori method: use of the past frequency of occurrence.  
In many cases it is not possible to assign the probability in the subjective way indicated. For 
example, the probability that tomorrow will be a rainy day cannot be estimate by 
considering all the forms (tN ) in which the weather can be, and how many of them ( eN ) 

are rainy. This is nonsense. In this case the observation of many days of the same date of 
tomorrow in many years can give an idea of the probability of rain. May be many other 
forms of estimating the probability observing other cases.  
In general if the conditions for the occurrence of the outcome have been repeated tN  times 

and in eN  cases the outcome is some expected event, then an estimation of its probability is  

./)( te NNeventP =                                   (2) 

that has the same form of (1) but an absolutely different meaning.  
 
Example. It was recorded that in 2000 rainy days, 130 were followed by a rainy day. Today 
is raining. What may be an estimation of the probability of rain tomorrow? With only this 
information the estimation is 130/2000=0.065.  
       
In practice, the assignment of a probability in this way has also a strong subjective character 
because of the kind of information that is taken, the quantity of data used, and the trust that 
in all the observed cases the situation were the same. 
 
It can be shown that if for the outcome of an experiment the probability P  is assumed and, 
in N  trials of the experiment, tN  times the outcome is obtained, then the 

frequency: tef NNP /=  converges to P  as ∞→N . This convergence is not the 

convergence to a limit as is define in Calculus but a convergence in probability. It means 

that given an 0>ε , the probability that the values PPf −  were greater than ε  tends to 

zero as tN  increases. In other words: 

   1Prlim =
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This property, that relates the a priori and the frequency probability was stated by Jacques 
Bernoulli, and is called law of the large numbers. See exercise 2. 
 
c) Maximization of entropy. If n  different outcomes are possible and the respective 
probabilities are nppp ,...,, 21  it is proposed to assign these probabilities to the respective 

outcomes, in such a way that the function: 

 i

n

i in pppppH ln),...,,(
121 ∑ =

−=  is minimal,            (3) 

subject to the restriction: 1
1

=∑ =

n

i ip  and other restrictions that result of the conditions of 

the problem. See Jaynes 1983. 
 
     The function H  called entropy, has the following interesting properties: 
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i)   It is minimal if there is certainty in the outcome, that is to say if one of the probabilities 
is 1 and all the others are 0, (remember that 0lnlim

0
=

→
xx

x
) 

ii)  It is maximum if all the ip   are equal (can be proved using derivatives) 

iii) It is a measure of the heterogeneity of the outcomes. Maximizing it is like making the 
assumption that, besides the added restrictions, no other regularity are in the outcomes.  
See exercise 3. 
 
Note that the maximum entropy principle is a postulate. The results obtained using it 
agree in general with the a priori method. 
The advantage of the use of this assignment is that the probability is determined according 
the properties i) ii) iii) and the conditions that have the additional information that is known, 
without no other implicit condition. Other assignation of the probabilities introduces 
implicit assumption of conditions. 
 
Example A dice is thrown. All information about it is that there are 6 possible results: 1 
with probability 1p , 2 with probability 2p ,…,6 with probability 6p . Using Lagrange 

multipliers the function to be maximized is: 

ii i ppL ln
6

1∑ =
−= )1(

6

1∑ =
−+

i ipλ  

0ln
1 =−+=

∂
∂ λi

i
i p

p
p

p

L
 

∑ =
=−=

∂
∂ 6

1
01

i ip
L

λ
 

From the first one: 1−= λepi  that show that all ip  are equal (they do not depend on i ). 

From the second: 1
6

1

1 =∑ =
−

i
eλ   that is 16 1 =−λe ;   6/11 =−λe ;  6/1=ip  

 
d) The bayesian approach.  A useful method to assign probabilities is based on Bayes’ 
theorem. To establish the theorem it must be remembered that the estimation of the 
probability of an event depends on previous information. See Morgan 1968  and  Leonard 
1999.   
 
Example. If a dice is thrown and the result is hidden, the probability of the event {4} is 
estimated in 1/6. But if afterwards, the information is given that the result is even, then the 
sample space has been reduced to {2,4,6} and the probability of {4} will be estimated in 
1/3. If the information is that the result is even then the estimation will be P(4/ even)=0; the 
/ is read “knowing that” or “with the condition that”. 
 
The probability of the eventA  when it is known (or hypothesized) that the event B  has 
happened is denoted )/( BAP  and it is shown that : )(/),()/( BPBAPBAP = , where 

),( BAP is the probability of the occurring of both events A  and B , and )(BP the 
probability of B , both estimated before the information that B has happened. If the 
knowledge of the occurrence of B  cannot be used to modify the estimation of the 
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probability of the occurrence of A , then both events are said to be independent each other 
and: )()/( APBAP =  and , from the above formula: )()(),( BPAPBAP ×= . 
If the events are dependent )(/),()/( BPBAPBAP =  but also )(/),()/( APBAPABP =  
From these relations, equating the values of ),( BAP   it results: 

)()/()()/( APABPBPBAP =  or  )(/)()/()/( BPAPABPBAP =   
that is called Bayes’ formula. 
 
Example. In a bag there are seven tokens four white, of which two are marked 1 are two are 
marked 0, and three red tokens, two marked 1 and one marked 0.  One token is drawn at 
random (all has the same probability to be drawn). The information is given that it has 1. 
What it is the probability that it is red?. 
Prior to have the information the probabilities are: ;7/3)(;7/4)1( == redPP  

3/2)/1( =redP . From Bayes’ formula: 2/1
7/4

7/33/2

)1(

)()/1(
)1/( =×==

P

redPredP
redP  

as can be shown directly from the data. It is seen that. when it is known as a previous 
information the probability of two related events (as 1 and red), and then the information is 
added of the probability of one when the other is known, then Bayes’ formula allows to 
estimate the inverse conditional probability. 
 
Bayes’ formula may be generalized to the case when several conditions nBBB ,...,, 21  of 

known probabilities )(),...,(),( 21 nBPBPBP influence the probability of an event A and the 

probabilities of A  assuming each condition are known. The formula allows to find the 
probability of the conditions when it is known that A  has happened. 
 

∑ =

=
n

j j

i
i

BAP

BAP
ABP

1
)/(

)/(
)/(  

 
Example. Patients that can have cold ( )C or  flu )(F , come to see a doctor that observes 
three symptoms: fever )( f , cough (c) and weakness (w) From the observation of many 
patients with well specified diagnostics of C  or F the following probabilities has been 
established: 

3.0)(;7.0)( == FPCP  
3.0)/(;9.0)/(;7.0)/( === CwPCcPCfP  
7.0)/(;5.0)/(;9.0)/( === CwPFcPFfP  

It is observed that a patient have cough. What is his probability of having flu?. 

 
1923.0

3.05.07.09.0

3.05.0

)()/()()/(

)()/(
)/( =

×+×
×=

+
=

FPFcPCPCcP

FPFcP
cFP

 

Sometimes Bayes’  formula is said to compute the probability of the causes, as in this 
application. 
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The bayesian procedure to assign probabilities starts with some estimation of the events of 
interest in the problem. This estimation is called a prior. After this some other events 
related with the original are considered, and their conditional probabilities when the original 
are assumed to happen is estimated. These constitute the conditions or likelihoods. Then, 
using Bayes’ formula, the prior is revised and recalculated with the new information. In the 
above example the probabilities )(CP and )(FP  are the prior. The symptoms and their 
probabilities conditioned to the illness are the likelihoods. They may be used to obtain 
revised values of the original assignation. The estimations of the conditionals may be rather 
involved. 
 
Example. A company is considering to introduce an agriculture machine in a region with 
300 potential buyers. The estimation, taken from similar past cases, that a fraction of them 
become actual buyers is given in the table: 
 
Probability of        Probability of  
buying ip              the case )( ipP  

70.011.01 =p  

20.014.02 =p  
10.025.03 =p  

Thus, an 11% of the potential become buyers will occur in a case that has a probability of 
0.70. Or, in other terms, the probability 0.11 of being a buyer has a probability of 0.70. 
With these values the probable sales can be estimated:  

3930010.025.030020.014.030070.011.0 =××+××+××  
This is the result of the prior estimation. 
A survey from a random sample of 40 people shows  that 10 were willing to buy the product 
if it were available. To use this result to modify the prior, assume that the sample was 
described by a binomial process. As the 40 people represent the population in the case of  

1.01 =p 1, the probability of finding 10 buyers in a sample of 40 is giving by the probability 
of 10 successes in 40 trials with probability 0.11 of success: 

0066575.089.011.0
!30!10

!40
)/10( 3010

1 =××=pp          for the other cases: 

 026574.086.014.0
!30!10

!40
)/10( 3010

2 =××=pp  

144364.075.025.0
!30!10

!40
)/10( 3010

3 =××=pp  

From this, the new values of the probabilities 0.11, 0.14 and 0.24 can be estimated: 

)()/10()()/10()()/10(
)()/10(

)10/(
332211

11
1 pPpppPpppPpp

pPpp
pP

++
=  

                            0051734.0
10.0144364.020.0026574.070.0006657.0

70.0006657.0 =
×+×+×

×=     

218234.0
10.0144364.020.0026574.070.0006657.0

20.0026574.0
)10/( 2 =

×+×+×
×=pP  
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592780.0
10.0144364.020.0026574.070.0006657.0

10.0144364.0
)10/( 3 =

×+×+×
×=pP  

 The consideration of the result of the survey (10 buyers in 40 persons)  have change the 
prior probabilities given more probability to the 3p  case. 

Now the probable sales can be estimated:  
5430059278.025.0300218234.014.03000051734.011.0 =××+××+××  

 
            6.2.2 How to obtain results  from stochastic models.  

The results of an stochastic dynamical model are the distributions of random variables. 
They may be obtained in three ways. 
 
a) Analytic method. The system is represented by differential equations that describe the 
changes in time of the probability distribution of the state variables. 
 
Example. Persons come to a teller in a bank. They are served in the order of arrival (FIFO) 
and queues may be formed. The arrivals and the completion of each service occur at random 
with uniform probability. That is to say, in equal interval times the probability (or the mean 
number) of  arrivals are equal. The same happens for the end of services. So, the probability 
of a time arrival or end of service in an interval of time is proportional to the length of the 
interval. Calling r  the probability of an arrival per unit time, and s the probability of an end 
of service per unit time: 
i)   The probability of an arrival in a time interval t∆  is .tr∆  
ii)  The probability of an end of service in t∆  is ts∆ . 
iii) The probability of two events in t∆  is of the order of 2)( t∆ . Anyway, it will be 
made 0→∆t . 
It is assumed thatt∆ is small enough to make the probabilities less than 1. 
The distribution of the variable “length of the queue” at time t  will be described by )(tpn ) 

that is, the probability that at the time t  the length of the queue is n , ( ,...2,1,0=n ).  The 

problem is to compute the rate of change of this distribution. The value )( ttpn ∆+  of the 

probability of the length n  at time )( tt ∆+  (assuming )0>n  is computed considering the 
following cases and the probabilities of its occurrence: 
- there were 1−n  at t ; one arrived in t∆ :         )1()(1 tstrtpn ∆−∆−  

- there were n  at t ; no changes in t∆ :              )1)(1)(( tstrtpn ∆−∆−  

- there were n  at t ; one arrival one end in t∆ : ttsrtpn ∆∆)(  

- there were 1+n  at t ; one end in t∆ :              tstrtpn ∆∆−+ )1)((1  

As these cases are the only possible (excluding multiple arrivals or ends) and they exclude 
each other. Therefore, the probability of )( ttpn ∆+  is the sum of them, joining in a term 

2)( tO ∆  the terms with products of t∆ and the probability of multiple events, it results: 

)( ttpn ∆+ 2
11 )()())(1)(()( tOtstptsrtptrtp nnn ∆+∆+∆+−+∆= +−  

)(( ttpn ∆+ )()()()()(/))( 11 tOtsptpsrtrpttp nnnn ∆+++−=∆− +−      (4) 

If 0=n  the cases are different because cannot be ends. The cases that can produce a zero 
queue in tt ∆+  and its probabilities are: 



 75

 
- there was 0 at t ; no changes in t∆ :              )1)((0 trtp ∆−  

- there was 0 at t ; one arrival one end in t∆ : ttsrtp ∆∆)(0  

- there was1 at t ; one end in t∆ :                    tstrtp ∆∆− )1)((1  
from which: 

)(( 0 ttp ∆+ )()()(/))( 100 tOtsptrpttp ∆++=∆−         (5) 

When 0→∆t  the following system is obtained: 
)( ttpn ∆+′ )()()()( 11 tsptpsrtrp nnn +− ++−=  

)(0 ttp ∆+′ )()( 10 tsptrp +=  

This system of differential equations (for ,...3,2,1,0=n ) describes how the probability 
distribution of the length of the queue changes with time. In the simple case in which the 
parameters r  and s  are constant and considering the stationary case, in which the 
distribution does not change, the derivatives are zero, and a system of difference 
equations is obtained for the probabilities of the different length in the stationary state: 
 
 010 =+− sprp  

0)( 210 =++− sppsrrp  

0)( 321 =++− sppsrrp  

. . . . . . . . .  
0)( 11 =++− +− nnn sppsrrp  

. . . . . . . . . 
which is easily solved by recurrence: 
 

01 mpp =     where: srm /=  

0)1( 200 =++− pmpmmp  

0
2

2 pmp =    and in the same way: 

0
3

3 pmp =  

. . .  . 

0pmp n
n =                                   (6) 

On the other hand, it must be: 
1......210 =+++++ npppp  

Assuming 1<m  (or r<s) from this equation, and the formula of sum of series: 

m

p
mmp

−
=+++=

1
.....)1(1 02

0                      (7) 

so, the probabilities of length 1,2,3,...n ... are according to (6) and (7): 
mp −= 10  

)1(1 mmp −=  

)1(2
2 mmp −=  

. . . . . 
)1( mmp n

n −=  



 76

. . . . .  
The mean value of the length is: 

.....210 210 +++++= nnppppn ...)4321)(1( 32 ++++−= mmmmm  

The sum can be calculated if the derivative of the following series and its sum is considered:  
             From the identity: 

m
mmm

−
=+++

1

1
.....1 32         by derivation respect to m : 

 
2

32

)1(

1
.....4321

m
mmm

−
=+++    and 

 

rs

r

m

m

m

mm
n

−
=

−
=

−
−=

1)1(

)1(
2

 

 
The mean time t of waiting in the queue is obtained by seeing that the teller serves an 
average of s  persons by unit time. So, the mean time to travel through a queue of length n  
is: 

)( rss

r

s

n
t

−
==   

When sr →  the mean length tends to infinite. It is no more stationary. The queue theory 
can solve many cases of simple queuing. See Cox and Smith 1961. 
However in some real systems there are multiple queues, more complex distributions of 
arrivals and services, changes in the parameters, priorities. The analytical solution is not 
possible and simulation must be used. 
See exercise 4 for another example.  
 
Example. It is important to find the distribution function of the arrivals with r constant and 
the hypothesis i) and iii) from the previous example. Without representing for simplicity the 
terms 2)( tO ∆ , consider a time t  after the initial observation of the system. The probability 

of no arrivals in all this time is called )(0 tp . The probability of no arrivals during the time 

tt ∆+  is:  

)1)(()( 00 trtpttp ∆−=∆+  (no arrivals in t , and in the following t∆ ). 

)(
)()(

0
00 trp

t

tpttp
−=

∆
−∆+

 and if 0→∆t :  )()( 00 trptp −=′  and: rtep −=0         (8) 

Let )( ttpn ∆+  the probability of exactly n  arrivals in the interval tt ∆+ . This can happen 

in two exclusive ways only: 
i) 1−n  arrivals in ),0( t ; one in the following t∆ :  trtpn ∆− )(1  

ii) n  arrivals in ),0( t ; none in the following t∆ :  )1)(( trtpn ∆− . 
So that: 

)1)(()()( 1 trtptrtpttp nnn ∆−+∆=∆+ −  

rtprtp
t

tpttp
nn

nn )()(
)()(

1 −=
∆

−∆+
−  
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rtprtptp nnn )()()( 1 −=′ −  

from this and (8) results (deleting for simplicity the reference to t ): 
rtep −=0  

1101 rprerprpp rt −=−=′ −  

This is a linear non-homogeneous equation whose solution, as it is checked by substitution, 
is: 

!1/1
rtrtep −=    and the equation for 2p′  is: 

2212 !1/ rprrterprpp rt −=−=′ −          by substituting 1p  : 

22 !1/ rprrtep rt −=′ −                             whose solution is: 

!2/)( 2
2

rtertp −=                                 and, in general: 

!/)( nertp rtn
n

−=    

That gives the probability that in the interval ),0( t  there are exactly n  arrivals. It is called 
Poisson distribution mrt =  is the average number of arrivals in such interval (See 3.2).  
The distribution of inter-arrival times is found by considering the probability )(tp  that after 
an arrival (since which the time is counted), a time t  pass without any arrival and then an 
arrival occur in the interval ),( ttt ∆+ : 

trettp rt ∆=∆ −)(        rtretp −=)(  
that is called exponential distribution (see 3.2). The mean value is rm /1= and the 
distribution function is )1()( rtetF −−= . See exercise 5. 
Thus, if an event may happen at each t∆  of time with a probability tr∆ , (proportional to 

t∆ ) independent of t  and of previous occurrences, then, the number of occurrences in an 
interval have a Poisson distribution, and the inter-arrival times have an exponential 
distribution.  
 
b) Direct method. Is an algorithmic version of the analytical method. It consists in 
computing for each operation the distribution of the result from the distributions of the 
operands. Assuming that the variables are statistically independent the process is very 
simple. 
 
Example In the example in 6.1 a), the experts estimate the following probabilities for the 
quantities and rates of exploitation of the mineral: 
 
2000000 to 2500000  0.2             400 to 450    0.7  
2500000 to 3000000  0.5             450 to 500    0.3   
3000000 to 3500000  0.3 
 
Taking the central point of each interval: 
 
2250000   0.2                        425   0.7 
2750000   0.5                        475   0.3   
3250000   0.3 
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Assuming that the two variables are independent the following combinations and 
probabilities are computed: 
2250000-425×290×10=1017500          0.2×0.7=0.14 
2250000-475×290×10= 827500          0.2×0.3=0.06         
2750000-425×290×10=1229750          0.5×0.7=0.35 
2750000-475×290×10=1372500          0.5×0.3=0.15 
3250000-425×290×10=2017500          0.3×0.7=0.21 
3250000-475×290×10=1872500          0.3×0.3=0.09 
 
by dividing the interval between 800000 and 2200000 in 4 parts the following frequency 
table is obtained: 
 
 800000 to 1150000     0.14+0.06 = 0.20 
1150000 to 1500000                 0.35 
1500000 to 1850000                 0.00 
1850000 to 2200000     0.21+0.09 = 0.30 
 
The distribution is biased toward the extremes. There are other forms to present the 
distribution, using for example unequal intervals.  
For simple models the method may be useful and give a more balanced estimation than the 
interval arithmetic. In some cases it may be used in large models. See Sananes 1971. 
 
Example. The method can be applied to simple dynamic models. The example of clients of 
a bank that make a queue and are served in a window may be computed by this method if 
the distribution of arrivals and end of services are known.  
 
Distribution of the queue length at time t  (may change with time): 
Queue length:             6     7     8     9    10 
Probability )(tQn :   0.1  0.3  0.4  0.4   0.1 

 
(if at 0=t  the queue is empty the initial probability distribution is: 
Queue length:             0     1      2    3    . . . .  
Probability )(tQn :     1     0      0    0    . . . .   ) 

 
Distribution of number of arrivals in a time interval t∆  (it is constant): 
Number of arrivals:   0    1    2    3    
Probability nA :     0.6  0.2  0.1  0.1 

 
Distribution of number of completed services in a time interval t∆ (it is constant): 
Number of served:     0    1    2       
Probability nS :     0.7  0.2  0.1  

 
The probabilities of the length at tt ∆+  are, for example: 

2064 )( SAQttQ =∆+  (there are 6, array 0, served 2) 
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207212065 )()( SAQSASAQttQ ++=∆+  (there are 6, arrive 0, served 1 or arrives 1 served 2 

or there are 7 arrive 0, served 2). 
In this way the distribution of the queue length at tt ∆+ may be calculated. 
In general, by putting to 0 the distributions, the probability )( ttQi ∆+ of the length i  is 

formed by adding the exclusive contributions of each possible previous queue of length k  
when the difference between arrivals and end of services is ki − . The number of arrivals m  
must be always 0≥m . When ,ki <  the number of served must exceed the number of 
arrivals in ik − . This leads to the expression: 

)( ttQi ∆+ = )(0 ),0max(
)( kim

n

k

n

kim mk SAtQ −−= −≥∑ ∑                (9) 

See exercises 6 and 7. 
Thus, the method allows computing the probability distribution of the lengths at tt ∆+  
when the distribution in t  is known. The initial distribution must be given. The above 
formula must be applied iteratively from 0=t  to the desired simulation time. One problem 
is that the range n  of the possible lengths may increase with each iteration, with new cases 
of negligible probability. This can be deal by neglecting very small values and dividing the 
remaining probability values by the norm of the reduced probability vector to maintain the 
condition that the sum of probabilities is 1.  
Other problem arises when the variables are correlated. For example, in the case of a queue 
some people may desist to join the queue if it is too long. In this case the iA  are dependent 

of the jQ . It is necessary to consider the joint distribution of both variables. That is to say, 

for each jQ  must be a different distribution of the iA , and a matrix for the joint 

probabilities must be given. The formula (9) can be applied, but for each jQ , the value of 

the iA  must be taken from the joint distribution. With dependence among many variables 

matrices with many subscripts must be handled and the program may became complicated. 
A most serious problem occurs when in the process some logical expressions appear with 
conditions that depend on random variables. Assume that in the queue system the jS  are 

changed, by increasing the service speed, when the queue exceeds the value 15 and 
returning to the normal speed when the queue becomes below 10. The algorithm only can 
give the probability of these facts (adding the probabilities for the 15>jQ  or for 10<jQ ). 

This can be dealt with by using conditional probabilities. But in the interval 1015 >> Q  the 

distribution used for the jS , depends on previous values of the length of the queue. The 

case can be deal with using joint probabilities. When many conditions of this type appear 
the program complexity increases. 
The direct method is effective only in simple cases, but has the advantage that gives all the 
possible information that is possible to extract from the distribution of the data in only one 
run of the program.  
 
c) Montecarlo Method. 
In this method it is assumed that it is possible to obtain successive random values from a 
given probability distribution. This can be done using some type of lottery device. To 
obtain, for example values of x  with the probability distribution: 
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x           4      5       7       9 
)(xP  0.2    0.4    0.3    0.1 

10 tokens, 2 with the number 4; 4 with the number 5; 3 with the number 7; 1 with the 
number 9; are mixed in a bag and one is extracted at random. With many extractions with 
replacement a sample of values x  is obtained. The sample distribution of the x  values 
tends to the desired distribution according to the law of the large numbers (see 6.2.1 b)). 
Algorithmic methods to simulate this process are discussed below. 
Then the Montecarlo Method consists in making the calculation to obtain the desired result 
using the values obtained in the random sampling. Repeating many times the calculation 
with different values of the random variables obtained in the samples, a sample of the result 
is obtained. 

 
Example. 
If other variable y  has the distribution: 
y          1       2       3       8 

)(yP  0.2    0.4    0.3    0.1 
then, to find the distribution of the result yxz 2+=  assuming the variables statistically 
independent the Montecarlo procedure is: 
i)   take values of x  and y  at random with the given    probabilities.  
ii)  with these values compute yxz 2+=  and record the result. 
iii) repeat i) and ii) many times obtaining in each a value of z .  
iv) consider the recorded values of z  as a sample of values of  this variable. From this 
sample, mean value, standard deviation, all kind of statistics and frequency tables for z , can 
be obtained. See exercise 8. 
 
If the data x and y  are statistically dependent they must be drawn at random from the join 
distribution ),( yxf  or, in the discrete case from a frequency array. 
The step ii) may be of any complexity. It may be the algorithm for a complex model, and 
can use many random variables as inputs, parameters and outputs. 
The first problem is to generate the random values with a computer that is a deterministic 
machine. This will be discussed in 6.3.  
The second problem is how many are “many times”. This problem will be considered in 
Chapter 9. 
 
Example. In a teller of a bank the clients arrive at random with the inter-arrival times 
distributed exponentially with a mean of 4 minutes. The people make a queue and they are 
served in the order of the arrival. The serving time is also exponential with mean 3.8. 
The computing of the queue, using random numbers is based in the occurrence of two 
events: arrival and exit. (see figure 1). 
 
If next event is an arrival then: 
i)  put the time equal to the time of the arrival 
ii) schedule the next arrival, adding to time a random value from an exponential distribution 
with mean 4. 
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iii) if the queue is 0, then schedule the next exit adding to time a random value from an 
exponential distribution with mean 3.8. 
iv) add one to the length of the queue. 
 

             If next event is an exit then: 
i)  put the time equal to the time of the exit. 
ii) if the queue is 0≠  then subtract 1 to the length of the queue and schedule the next exit 
(of the next person) adding to time a random value from an exponential distribution with 
mean 3.8. 
iii) If the queue is zero, then put the next exit time to a very high value. This will have the 
effect to consider the next event as an arrival. 
 
In both cases see the list of scheduled events and take the event with the least time. In the 
case that the queue went to zero it is necessary to put the time of the next exit to ∞  
(a number greater than the simulation time is enough) so that the next selected event will be 
only an arrival. 
  
The following list is an example of application of these rules. The times are obtained adding 
to the actual time a random number taken from the appropriate distribution.         
Event  type      time  queue  scheduled    time         scheduled     time 
                                                event                           event  
1      arrival 0.000  1   arrival      1.500   exit           2.600 
2      arrival    1.500   2   arrival      2.780 
3      exit         2.600   1                                         exit           3.120 
4      arrival    2.780   2   arrival      3.020 
5      arrival    3.020   3    arrival      5.800 
6      exit        3.120   2                                          exit           4.876 
7      exit        4.876   1                                          exit           6.433 
8      arrival   5.800   2    arrival      5.972   
9      arrival   5.972   3    arrival      7.250 
           
An algorithm to compute the values of queue at each arrival or exit is the following: 
(EXPO(X)is a function that, when called, takes as value a random number taken from a 
exponential distribution with mean value X) 
 
Give values to the parameters of the system: 
Mean time between arrivals                    TBAr=4 
Mean time to serve a client                     TSer=3.8 
Give values to the system variables: 
Initial length of the queue                        QLen=0 
Time of next arrival                                 TNAr=0 
Time of next end of service                     TNEx=9999999 
Actual value of time (clock)                    TIME=0 
Give values to the parameters of simulation 
Simulation time                                       TSim=2000 
 



 82

1. If TIME>Tsim then go to 4                              (to stop the simulation) 
    if TNAr ≤ TNEx then go to 2 else go to 3 
 
2. (process an arrival) 
   TIME=TNAr                                            (update the simulation clock)  
   TNar=TIME+EXPO(TBAr)                               (schedule next arrival)  
   if QLen=0 then TNEx=TIME+EXPO(TSer)          (schedule next exit) 
   QLen=QLen+1                  write(TIME, ‘Arrival’,QLen) 
   go to 1  
3. (process an exit) 
   TIME=TNEx                                            (update the simulation clock) 
   QLen=QLen-1                  write(TIME, ‘Exit   ’,QLen) 
   If QLen≠ 0 then TNEx=TIME+EXPO(TSer)         (schedule next exit) 
             else  TNEx=9999999 
   go to 1 
4. stop 
 
See exercise 9. 
 
Note that the simulated time (clock) is defined by the time for the event (arrival or exit) 
that is processed. This time was defined when the event was scheduled. This idea can be 
generalized for complex models in which many types of events may happen. This method is 
called discrete event simulation and will be discussed in chapter 8. 
 
The Montecarlo Method has the advantage of its simplicity, because the change of the 
variables is programmed as in a deterministic model. The operations are made with 
variables, not with distributions. However, three caveats may be mentioned. 
 
i) In an analytical solution of a deterministic model a general expression is obtained that 
encompassed all the possible solutions changing the initial or border conditions. In the 
direct method a distribution is obtained that have all the information that can be drawn from 
non deterministic data. But in the Montecarlo method, the results obtained in a run of a 
model that use random numbers are particular. A run of the same model with other 
random numbers is equally justified and produces different results. As it was seen in the 
first example, this problem is dealt replicating many times the computing with different 
random numbers. This means to do many runs of the model with different random 
numbers and obtain many values (a sample) for each result. This replicated simulation 
allows to estimate an approximate distribution of the output variables of interest. 
See exercise 10. 
 
ii) Simulation models are made to experiment with them. Some parameters and relations 
in the model are changed to see the effects in the results. In the example of the teller 
changes in the means of the inter-arrival and serving times may be made. Or changes in the 
distribution functions can be tried. Because the results of both the original and the changed 
model are statistical samples, the results must be compared by statistical inference 
techniques to decide if the differences come from the changes in the runs or from the 
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stastistical fluctuation produced by differences in the random numbers used. The means can 
be compared using t-Student tests and the distributions using 2χ  or Kolmogorov-Smirnov 
tests. See Chapter 3 and exercise 11.  
 
iii) When designing a simulation model to obtain results by the Montecarlo method the 
tendency is to find a distribution for each random variable and to select the values of these 
distributions as if the variables were independent. However the variables are almost 
always correlated. Therefore the joint distribution is to be considered. This made the model 
more complex and costly in computer time and storage. Few simulation languages have 
facilities to find the random values from a multivariate distribution.  
d) Bootstrap Method. This method was explained in Chapter 2. Its used in stochastic 
simulation must be done in two ways. 
i) Bootstrap on the results. The result of a replicated simulation is a sample of values of 
each output variable.  
To obtain distributions of statistics of these variables (means, medians, extreme values, 
regression coefficients, correlation coefficients, etc.) many samples are required, or, to 
avoid this costly process, certain hypothesis about the population are made to obtain 
theoretical distributions for the statistics. An alternative is to obtain many random samples 
from the obtained sample, and compute the desired statistic. This method requires only one 
sample. It do not make any hypothesis about the original population (that consists of all the 
possible simulations). 
 
Example. The results of total waiting time of ships obtained by Montecarlo method from a 
port model in 32 replications are:  
     132 178 154 166 181 162 165 143 
     119 177 134 166 182 173 125 117 
     135 139 165 146 134 169 136 155  
an algorithm made 500 samples is extracted from this sample finding the maximum value in 
each sample. A frequency table for the maxima may be obtained obtained. See exercise 12. 

 
ii)Bootstrap on the data. Sometimes the data come in the form of a sample and from the 
problem it is know that there are many correlations between the variables. In this case many 
samples can be drawn from the original sample and the simulation is made using each of 
these samples. 
 
Example. In a medical emergency service the patients may follow different paths through 
the sections of the system(1.diagnostic, 2.orthopedics, 3. cardiology, 4.radiology, 
5.infections, 6.analysis…,10.exit,11.internation,etc.). The data are recorded as a sample of 
paths through the different sections and the time spend in each section (for the exits of the 
system no time is indicated): 
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Patient   Arrival Time           Paths and Times spent in each section 
1              12.4                      1   9.2      2  15.3   4  21.6   2 30.8   11  
2              12.8                      1 15.4      3   19.6  6  23.7   3 16.8     9 15.3  10   
2           13.0                      1  12.5     8   13.8  6  19.1   8 22.0   10  
3           13.2                      1  22.0     5   25.9  6  43.8   5 11.2   11      
. . . . . . . . . . . . 
200          24.9                      1  15.0     2   15.1  4  21.7   2 10.0     6  16.6   2  15.1  11 
 
The first patient enters diagnostic, where he spends 9.2m.; he is sent to orthopedics, where 
he spends 15.3m. and is sent to radiology, after 21.6m returns to orthopedics for 30.8m and 
then is interned.    
It is possible at each stage to find the probability that a patient go to the next state (Markov 
chain model) but it is clear that this will produce false paths. The paths follow certain 
patterns that depend on the illness, the strategy of the physician, type of treatment, available 
resources, and other variables not represented in the model. The transitions depend not only 
on the last stage but on previous stages. The mean use of each section can be fitted to a 
probability distribution and to find the permanence in each case a random value from this 
distribution may be taken. But this is again not realistic because the time spent depends on 
each patient. This happens because the variables are correlated. The probability to go to a 
next section depends on the previous history of the patient. So, joint distributions must be 
considered with all the mentioned problems. A solution is to use the original sample and 
samples obtained from it. For each generated sample of data the model is run (after sorting 
the patients by arrival time) and statistics are made for the result. More details of this model 
may be seen in Chapter 8.   
The bootstrap on the data may be costly in term of replications, but it allows fidelity to the 
data and avoids to introduce implicit assumptions of independence and spurious values 
produced by assumed probability distributions. See Thompson 2000. 

 
            Of course, as was pointed out and exemplified in 2.3, if the original sample do not have     

representation for some significant alternatives the bootstrap method will produce bad 
results.    

 
             


